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LECTURE 03  
 

SAMPLING DISTRIBUTIONS   
AND CENTRAL LIMIT THEOREM - II 

 

 

Outline of today’s lecture: 

 

I. The Central Limit Theorem (CLT) ..................................................................................... 1 
II. Sampling Distributions Related to Normal Distribution ................................................... 3 

A. Sampling Distribution of Mean..................................................................................... 3 
B. Chi-Square Distribution ................................................................................................ 6 

 

I. The Central Limit Theorem (CLT) 
 

The Central Limit Theorem (CLT) The mean of a random sample 

has a sampling distribution whose shape can be approximated by a 

Normal distribution. The larger the sample, the better the 

approximation will be. 

Theorem 7.4 Let Y1, Y2, …, Yn be independent and identically 

distributed random variables with E(Yi)=μ and V(Yi)=σ2<∞. Define 

 

/n
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σ
−⎛ ⎞= ⎜ ⎟

⎝ ⎠
  where 

1

1 n

i
i

Y Y
n =

= ∑  

 

Then the distribution of nU  converges to a standard normal 

distribution function as n ∞. 
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• That is, probability statements about nU  can be approximated by 

corresponding probabilities for the standard normal random 

variable if n is large.  

o Usually a value of n greater than 30 will ensure that the 

distribution of nU  can be closely approximated by a normal 

distribution. 

• The conclusion of the central limit theorem is often replaced with 

the simpler statement that Y  is asymptotically normally 

distributed with mean μ and variance σ2. 
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II. Sampling Distributions Related to Normal 
Distribution 
 

A. Sampling Distribution of Mean 
 

Theorem 7.1 Let Y1, Y2, …, Yn be independent, normal random 

variables, each with mean μ and variance σ2. Then:  

1

1 n

i
i

Y Y
n =

= ∑  

is normally distributed with mean Yμ μ=  and variance 
2

2
Y n

σσ = .  

 

Example 7.1 and 7.2 A bottling machine can be regulated so that it 

discharges an average of μ ounces per bottle. It has been observed 

that the amount of fill dispensed by the machine is normally 
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distributed with σ = 1.0 ounce. A sample of n = 9 filled bottles is 

randomly selected from the output of the machine on a given day 

(all bottled with the same machine setting) and the ounces of fill 

measured for each.  

 

a) Find the probability that the sample mean will be within 0.3 

ounce of the true mean μ for that particular setting. 

 

b) How many observations should be included in the sample if 

we wish Y  to be within 0.3 ounce of μ with probability 0.95? 

 

Solution 

a) 

If Y1, Y2, . . . , Y9 denote the ounces of fill to be observed, then we 

know that the Yi are normally distributed with mean μ and variance 

σ2 = 1 for i = 1, 2, . . . , 9. 

 

Therefore Y  possesses a normal sampling distribution with mean 

Yμ μ=  and variance 
2

2 1
9Y n

σσ = = .  

 

In the problem, we are asked to find: 

 

( ) ( )0.3 0.3 0.3P Y P Yμ μ− ≤ = − ≤ − ≤  
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( )
N

0.3 0.30.3
Y Y Y

Z

YP Y P μμ
σ σ σ

⎛ ⎞
⎜ ⎟−

− ≤ = − ≤ ≤⎜ ⎟
⎜ ⎟
⎝ ⎠

 

( ) 0.3 0.30.3
1/ 3 1/ 3

P Y P Zμ ⎛ ⎞− ≤ = − ≤ ≤⎜ ⎟
⎝ ⎠

 

( ) ( )0.3 0.9 0.9P Y P Zμ− ≤ = − ≤ ≤  

 

( ) ( )
0.1841

0.3 1 2. 0.9
fromtable

P Y P Zμ− ≤ = − >��	�
  

 

( ) ( )0.3 1 2. 0.1841 0.6318P Y μ− ≤ = − =  

 

Thus the chance is only 0.6318 that the sample mean will be within 

0.3 ounce of the true population mean. 

 

b) Now we want: 
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( )0.3 0.3 0.3 0.95P Y P Yμ μ− ≤ = − ≤ − ≤ =⎡ ⎤⎣ ⎦  

( )
N

0.3 0.30.3 0.95

Z

YP Y P

n n n

μμ σ σ σ

⎛ ⎞
⎜ ⎟
⎜ ⎟−

− ≤ = − ≤ ≤ =⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

It is given that σ=1, hence we can write: 

 

( ) ( )0.3 0.3 0.3 0.95P Y P n Z nμ− ≤ = − ≤ ≤ =  

From Standard Normal Distribution table, we know that: 

 

( )1.96 1.96 0.95P Z− ≤ ≤ =  

 

It implies that 0.3 n =1.96. Hence 

 

( )
2

21.96 6.53 42.68
0.3

n ⎛ ⎞= = =⎜ ⎟
⎝ ⎠

, which is impractical for sample size. 

So we can decide to n=43, since if n=43, ( )0.3P Y μ− ≤  slightly 

exceeds 0.95. 

 

B. Chi-Square Distribution 
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In statistics, the sampling distribution of the sum of the squares of 

independent, standard normal random variables is also widely used.  

 

Theorem 7.2 Let Y1, Y2, …, Yn be a random sample of size n from a 

normal distribution with mean μ and variance σ2. Then 

2

1 1

n n
i

i
i i

YZ μ
σ= =

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑ ∑  has a Chi-square, 2χ , distribution with n 

degrees of freedom.  

 

Note: We can denote a chi-square distribution variable with n 

degrees of freedom (df) for α level of significance as 2
,dfαχ . 

 

From Chi-square tables, we can find values 2
αχ so that: 

 

 ( )2 2P αχ χ α> =  

 

for random variables with 2χ distributions. 
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A distribution 2χ  showing  

upper-tail area α  

 

Attention! The shaded area is 

equal to α  for 2 2
αχ χ=  

 

 

For example, if the 2χ  random variable of interest has 10 degrees of 

freedom, we can use 2χ Tables to find 2
0.90χ . We look in the row 

labeled 10 df. and the column headed 2
0.90χ  and read the value 

4.86518. Therefore if Y has a 2χ  distribution with df=10: 

( )2 4.86518 0.10P χ > =  

 
 

Example 7.3 If Z1, Z2, …Z6 denotes a random sample from the 

standard normal distribution, find a number b such that: 
6

2

1

0.95i
i

P Z
=

⎛ ⎞ =⎜ ⎟
⎝ ⎠
∑  

 

Solution   
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6
2

1
i

i

Z
=
∑  has a 2χ distribution with 6 degrees of freedom (df) since it 

represents the summation of 6 squared normally distributed random 

variables, Z. Equivalently: 

 
6

2

1
0.95i

i
P Z

=

⎛ ⎞ =⎜ ⎟
⎝ ⎠
∑  

 

From Chi-square table, we find that:  

 

6
2

1
0.05i

i
P Z b

=

⎛ ⎞> =⎜ ⎟
⎝ ⎠
∑ ⇒ b=12.5916  
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The 2χ  distribution plays an important role in many inferential 

procedures. For example, suppose that we wish to make an inference 

about the population variable σ2 based on a random sample Y1, Y2, 

…, Yn from a normal population. A good estimator for population 

variance σ2 (we will see in Ch. 8) is the sample variance, S2: 

 

( )22

1

1
1

n

i
i

S Y Y
n =

= −
− ∑  

 

The following theorem gives the probability distribution for a 

function of the statistic S2: 
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Theorem 7.3 Let Y1, Y2,…,Yn be a random sample from a normal 

distribution with mean μ and variance σ2. Then: 

 

( )
2

2
2 2

1

( 1) 1 n

i
i

n S Y Y
σ σ =

−
= −∑  

 

has a 2χ  distribution with (n-1) degrees of freedom (df). Hence 
2

2
,( 1)2

( 1)
n

n S
αχσ −

− ∼ . Also Y  and 2S are independent random 

variables.  

 

 

 

Impact of Degrees of Freedom in the 2χ Distribution 
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Note: Shaded areas in the graphs represent 0.05. 
Source of Graph Applet: http://www.stat.tamu.edu/~west/applets/chisqdemo.html  
 

Example 7.4 Recall the bottle example, where the ounces of fill 

from the bottling machine are assumed to have a normal distribution 

with σ2 = 1.  

• Suppose that we plan to select a random sample of 10 bottles 

and measure the amount of fill in each bottle. If these ten 

observations are used to calculate S2, it might be useful to 

specify an interval of values that will include S2 with a high 

probability.  

• Find numbers b1 and b2 such that: 

( )2
1 2 0.90P b S b≤ ≤ =  

Solution 
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For our case, α=0.90 and degrees of freedom, df=10-1=9. 

2

2
2 1 2

1 2 2 2 2

( 1) ( 1)( 1) 0.90n b n bn SP b S b P

χ

σ σ σ

⎡ ⎤
⎢ ⎥− −−⎡ ⎤≤ ≤ = ≤ ≤ =⎢ ⎥⎣ ⎦
⎢ ⎥
⎣ ⎦

��	�

 

 

We are given that σ2 = 1 so it follows that 2( 1)n S−  has a 2χ  

distribution with n-1=10-1=9 degrees of freedom (df): 

 

1 2

2 2
1 2 1 2( 1) ( 1) ( 1) 0.90

a a

P b S b P n b n S n b
⎡ ⎤
⎢ ⎥⎡ ⎤≤ ≤ = − ≤ − ≤ − =⎣ ⎦ ⎢ ⎥⎣ ⎦
��	�
 ��	�
  

 

From a chi-square table we can find two numbers a1 and a2 such 

that: 

 
2

1 2( 1) 0.90P a n S a⎡ ⎤≤ − ≤ =⎣ ⎦  

 

One method of doing this to find the value of a2 that represents an 

area of 0.05 in the upper tail and the value of a1 that represents 0.05 

in the lower tail (0.95 in the upper tail).  

 

Because there are n-1 degrees of freedom, the Chi-square table gives 

a2=16.919 and a1=3.32511.  
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Consequently, values for b1 and b2 are given by: 

 

• 1 1
1 12

( 1) 9 3.325113.32511 0,369
1 9

n b ba b
σ
−

= = = ⇒ = ≈  

• 2 2
2 22

( 1) 9 16.919016.9190 1,880
1 9

n b ba b
σ
−

= = = ⇒ = ≈  

 

Thus, if we want to have an interval that will include 2S with 

probability 0.90, this interval is given by ( )0.369,1.880 . Note that 

this interval is quite wide. 

 

 


